Geometrical and topological properties of quantum ground state manifolds permits to characterize phases of matter, and identify phase transitions. Here, we study the effect of a quantum dissipative environment on the geometrical properties of the ground state manifold of a single spin 1/2 in an external effective magnetic field. We show that the quantum phase transition at zero temperature in the model is associated with a universal metric singularity related to the divergence of the spin susceptibility. The absence of transition at finite temperature corresponds to a smooth variation of the associated metric with temperature, without singular points.
INTRODUCTION
The study of topological phases of matter has motivated the characterization of the geometry and topology of quantum ground state manifolds [1, 2] . These exotic phases are indeed characterized by a global topological index, the Chern number. This topological index can be expressed as the integral of the Berry curvature, a local geometrical quantity, over a closed manifold in momentum space. The Berry curvature corresponds in fact to the antisymmetric part of a more general quantum (or Fubini-Study) metric tensor, describing the local geometry of the quantum ground state manifold under the change of an external parameter. Past studies have investigated the relation between the divergence of the quantum metric tensor and quantum phase transitions [3] [4] [5] [6] [7] [8] [9] . Here, we study the quantum metric tensor in the spin boson model, describing the interaction of a single spin 1/2 with a bosonic environment of harmonic oscillators. In a certain range of parameters, this model is known to exhibit a quantum phase transition at zero temperature from a delocalized phase to a localized phase for the spin when increasing the coupling with the environment. We show that a component of the quantum metric displays a divergence at the quantum phase transition, which can be related to the divergence of the spin susceptibility. Studying the effect of temperature on the ground state manifold geometry requires the introduction of a metric in the space of density matrices, the Bures metric. This metric is intimately related to the construction of Uhlmann holonomy [10] , generalizing the notion of geometrical phases from wave functions to density matrices. Experimental measures of Uhlmann geometric phase were reported in Refs. [11, 12] , and recent works studied the behavior of related quantities in relation with finite temperature transitions [13] [14] [15] [16] . Here, we show that no singularity occurs for the Bures metric at non-zero temperature in the case of the ohmic spin-boson model. The paper is structured as follows. In Sec. II, we introduce the spin boson model and recall the main properties of the quantum phase transition in the model. We then turn in Sec. III to the study of the quantum metric divergence at the quantum phase transition. Sec. IV is devoted to the investigation of finite temperature effects on the ground state manifold geometry. In particular, we demonstrate there that the Bures metric remains regular for all non-zero temperatures at the exactly solvable Toulouse point.
II. SPIN BOSON MODEL
We consider in the following a spin-1/2 in a radial (effective) magnetic field with a dissipative coupling along the z-axis, corresponding to the Hamiltonian H = H T LS + H diss , with (we take = 1)
where
T is an external effective magnetic field. Here, d > 0 is the norm of the magnetic field, θ and φ are respectively the polar and azimuthal angle of the magnetic field. H diss is a microscopic model of the dissipation acting on the system [17] [18] [19] . b k (b † k ) corresponds to the annihilation (creation) operator of a bosonic mode k with frequency ω k . The interaction between the spin and the environment is fully characterized by the spectral function J(ω) = π k λ 2 k δ(ω − ω k ). In the following, we assume that J is a smooth function of the frequency, J(ω) = 2παω s ω 1−s c exp (−ω/ω c ) with s > 0. ω c d denotes a high frequency cutoff in the model, and α quantifies the strength of the spin-bath interaction.
In the remainder of the article, we will mainly focus on the case of an ohmic spectral function characterized by s = 1. In this case, the coupling with the bath induces (for θ = π/2) a quantum phase transition from a delocalized phase for the spin, characterized by σ z = 0, to a localized phase with σ z = ±1 (see for example Refs. [17, 19, 20] ). In the scaling regime defined by d/ω c 1, the critical value of the coupling is α c 1, and this transition belongs to the Kosterlitz-Thouless universality class. We will also briefly generalize our results to the case of sub-ohmic spectral densities, with 0 < s < 1, where a second order phase quantum phase transition occurs with a critical coupling α c < 1.
III. QUANTUM PHASE TRANSITION AND QUANTUM METRIC SINGULARITY AT ZERO TEMPERATURE
Let us consider a family of quantum states |ψ(λ) in an Hilbert space H, parametrized by a continuous external parameter λ. A natural measure of distance between |ψ(λ 1 ) and |ψ(λ 2 ) is given by N (|ψ(λ 1 ) − |ψ(λ 2 ) ), where N denotes the usual Hilbert space norm. The distance between two wave functions corresponding to a infinitesimal change in parameter space dλ is then given by
where g µν = Re [χ µν ] are the elements of the FubiniStudy metric [21] , with
In Eqs. (3) and (4), the summation over indices is implicit and ψ| ∂ = ∂ ψ|. The antisymmetric part of the quantum metric tensor χ µν defines the Berry curvature F µν . We are here interested in the case where the state |ψ above corresponds to the ground state wave function |g of the spin boson model at zero temperature, and the external parameters are the radial and azimuthal angles, i.e. λ = (θ, φ). For an isolated spin 1/2, i.e. α = 0, one easily finds the components of the metric. In particular, we get g θθ = 1/4.
At non-zero coupling with the environment, one can generally write the ground state of the Hamiltonian H under the form |g = 1
where p and q are two real numbers, and |χ σ are bath states associated with the spin polarization σ =↑, ↓ direction. Determining |χ σ , as well as the coefficients p and q, for an arbitrary value of the angles θ and φ is in general difficult.
When the coupling with the external environment is weak (α 1), one can treat the bosonic bath in a perturbative manner to determine |g , and in turn the metric elements of Eq. (4). One example corresponds to the single-or multi-polaron variational approximation [22] (see also Refs. 17, 19, 20, and 23) , that we use in the next subsection. This will allow us to characterize the deformation induced by the bosonic bath on the geometry of the ground state manifold. We will see in particular that it induces a θ-dependency for g θθ , which becomes more peaked around θ = π/2. The polaron picture will allow us to understand physically the origin of this change. At weak dissipation, one can approximate bath states |χ σ by multi-mode coherent states of the form
, where |0 denotes the vacuum for all oscillators. In this polaron picture, each bath mode is supposed to be in the ground state of an harmonic oscillator whose equilibrium position has been shifted by the amount f to the values of p(θ) and q(θ) at weak coupling, allowing us to determine the metric elements. The approximate results of this approach are shown in Fig. 1 (a) , where we plot the evolution of g θθ with respect to θ and the dissipation stength α in the case of an ohmic bath s = 1 with high frequency cutoff ω c /d = 10. At α = 0, we check that the metric element is uniform with respect to θ. At non-zero coupling strength α, ones notices a progressive increase of the metric element around θ = π/2. This effect can be understood by evaluating the retroaction of bath states on the spin. One can indeed note that bath states tend to re-inforce the polarization of the spin along the z-axis. More specifically, the non-zero coherence of shifted bath states induces an additional effective field −h ind σ z along the z-axis for the spin, with h ind > 0 (h ind > 0) for θ < π/2 (θ > π/2). As a result of this retroaction, one has σ z > σ
, where σ z 0 refers to the spin-expectation value of the isolated system without any coupling to the environment (α = 0). This in turn leads to a strong variation of p and q with respect to θ close to θ = π/2 where σ z changes sign and a corresponding increase of g θθ . The yellow line corresponds to the evolution of (x, z) with α for a fixed value θ = π/2. The green lines show the evolution of (x, z) with α for two particular values, θ = π/2 ± u with a small u > 0. For these two values of θ = π/2, σ z and ∂α σ z are continuous with α [20] .
The increase of the curvature close to θ = π/2 identified previously can be more precisely described. From Eqs. (4) and (5), one more specifically finds that the metric element g θθ is related to the spin susceptibility at θ = π/2,
One therefore expects a divergence of the metric for θ = π/2 when α approaches the critical coupling α c in the cases of ohmic and sub ohmic baths. This divergence follows from the behavior of the spin susceptibility at quantum criticality. In the case of an ohmic bath, exact Bethe-Ansatz results [20, 24, 25] allow us to determine the evolution of σ z with respect to θ, leading to
1−α for α < 1. The evolution of this diverging metric element with α is shown in Fig. 1 (b) in this precise case of ohmic dissipation. In the case of a sub-ohmic bath, the behavior of the spin susceptibility at criticality [26] gives g θθ (θ = π/2) ∝ (α c − α) −2γ , with γ = 1 + O(s). These results generalize the previous study of Ref. [27] [28] [29] , where it was shown that the Berry curvature diverges at the quantum phase transition, with F φθ ∝ ∂ θ σ z (θ = π/2)/2. The deformation of the ground state manifold with increasing dissipation, and the corresponding metric singularity at the critical coupling, can be conveniently visualized by examining the surface described by the equilibrium Bloch vector (x, y, z) = ( σ x , σ y , σ z ) when varying θ and φ. For a coupling along the z-axis as in Eq. (2), such a surface is invariant under φ-rotations and it is therefore equivalent to study sections of constant φ. We show in Fig. 2 a sketch of the evolution of the φ = 0 section with the dissipation parameter α, in the case of ohmic dissipation. At α = 0, this section corresponds to a circle. This circle is progressively compressed along the x-direction as α increases. When α > 1, the only possible equilibrium Bloch vector correspond to σ z = ±1, i.e. the north and south poles of the Bloch sphere. Crossing the quantum phase transition point therefore corresponds to a breaking of the surface, with no continuous path between the possible Bloch vectors for a given value of α > α c . It is important to note that the quantum phase transition in the model is restricted to the point θ = π/2 [π]. For any non-zero value of the field along the z-direction, increasing the coupling α leads to a crossover [20] . This can be visualized in Fig. 2 , by following the green lines illustrating the evolution with α of the curve (x, z)(θ 1 ) for an angle θ 1 = π/2 ± u, with a small value of u > 0.
IV. ABSENCE OF METRIC SINGULARITY AT NONZERO TEMPERATURE
We have shown in the previous section that increasing the coupling strength α induces a divergence of the Fubini-Study metric at the quantum phase transition. In this Section, we now study the effect of the temperature on the geometry on the ground state manifold. At nonzero temperature, one can no longer use the Fubini-Study metric of Eq. (4) as the system cannot be described by a pure state. One needs instead to work with the density matrix of the system, which is an operator acting on the Hilbert space H. The matrix algebra of operators acting on H is a vector space called the Hilbert-Schmidt vector space HS. The natural metric on the space of density matrices is the Bures metric, which is obtained from the construction of the Hilbert-Schmidt bundle from state purification [30] . For the density matrix of a single spin 1/2, explicit results can be obtained and one finds that the Bures line element squared of the density matrix ρ ρ = 1 2
is given by
One then recovers that the element g B θθ of the Bures metric, at θ = π/2 where z = σ z = 0 and
At non-zero temperature, the divergence of the spin susceptibility is washed out and no quantum phase transition occurs. As a result, no metric singularity occurs for the ohmic spin boson model when increasing the temperature for a fixed value of the coupling α < α c . In the next Section, we study more precisely the evolution of the metric with temperature at the exactly solvable Toulouse point α T = 1/2.
A. Exact results at the Toulouse point, αT = 1/2
At the special point α T = 1/2, the ohmic spin-boson Hamiltonian can be mapped onto the exactly solvable non-interacting resonance level Hamiltonian [17, 19, [31] [32] [33] . In particular, the partition function is given at inverse temperature β by [17] 
with x 0 = π/(βω c ). Equation (9) allows us to compute numerically the spin reduced density matrix at non zerotemperature and its evolution with the angle θ. We show in Fig. 3 see that this metric component has a maximal value for θ = π/2, in accordance with our analysis of the previous section. At higher temperatures, g B θθ (θ = π/2) is reduced and the metric becomes more homogeneous, excluding as expected a possible divergence. This behavior can notably visualized by studying how the φ = 0 section of the surface described by the Bloch vector evolves when increasing the temperature, which is shown in Fig.  4 . At low temperatures, this section corresponds to a deformed circle. When the temperature increases, it is progressively transformed in a continuous manner and finally reaches a single point at ( σ x , σ z ) = (0, 0) at infinite temperatures. At infinite temperatures, all the metric elements tend to zero as the system is always at the Bloch sphere center for any value of θ or φ. This behavior is in sharp contrast with the one illustrated in Fig. 2 . Here, one witnesses a smooth and continuous modification of this section, in the absence of finite temperature transition. Note that the mapping mentioned here is valid in the regime d/ω c 1.
V. DISCUSSION AND CONCLUSIONS
In this paper, we studied how the presence of a quantum dissipative environment affects the geometrical properties of the ground state manifold of a spin 1/2, both at zero and finite temperatures. We described these geometrical properties by using the Fubini-Study and the Bures metric. We showed that the Fubini-Study metric exhibits a singularity at the quantum phase transition in the case of ohmic and subohmic spectral functions, with a divergence characterized by the universality class of the transition. No singularity was identified for the Bures metric at non-zero temperatures. Our study confirms that metric tensors display universal behaviors in the vicinity of phase transitions.
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